
Week 03 – problem set

Nonlinear Optics for Quantum Technologies

March 6th, 2025

1 The anharmonic (nonlinear) Lorentz oscillator model

1. By setting λ = 0 the equation 3 (excluding the term mβ2x(t)
2 is solved, see lecture notes, with

x1(t) =
1

2
(X1(ω) exp(−iωt) + c.c.)

, where X1 =
qE
m

ω2
0−ω2−iγω

and χ1 =
ϵ0

Nq2

m

ω2
0−ω2−iγω

. Inserting x1(t) into the equation and keeping only

linear terms of λ we obtain:

λ
[
ẍ2 + ω2

0x2 + γẋ2
]
= −λβ2x

2
1 = −λ

β2
4

(
X2

1e
−i2ωt + 2X1X

∗
1 +X∗2

1 ei2ωt
)

2. Two new frequencies appear: one at zero frequency (amplitude 0.5β2|X1|2) and one at frequency
2ω

3. This can now be solved for the two frequencies x2 = X2(ω = 0) + 0.5 ∗ (X2(2ω)e
−i2wt + cc). As

for ω = 0 the time derivative is zero, we have that:

X2(ω = 0) = −−β|X1|2

2ω2
0

For X2(2ω) we have instead a full equation only replacing the driving term qE
m by −β2

4 X
2
1 . We

thus obtain

X2(2ω) = −β2
2
X1(ω)

2X1(2ω)
m

qE

4. The two relations follow directly from the solution of the previous step, knowing that X1 ∝ χ1.
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